Abstract. We prove that a complete metric space X carries a doubling measure if and only if X is doubling and that more precisely the infima of the homogeneity exponents of the doubling measures on X and of the homogeneity exponents of X are equal. We also show that a closed subset X of R n carries a measure of homogeneity exponent n. These results are based on the case of compact X due to Vol berg and Konyagin.
Introduction
Let X be a metric space. Denote by B(x, r) the closed ball in X with center x and radius r. A Borel measure µ on X is doubling if there is a constant D ≥ 1 such that µ(B(x, 2r)) ≤ Dµ(B(x, r))
for all x ∈ X and r > 0 (1) and if µ is nondegenerate in the sense that µ(B 1 ) > 0 and µ(B 2 ) < ∞ for some balls B 1 and B 2 (if X is nonempty). In this case 0 < µ(B) < ∞ for all balls B, and µ(B(x, λr)) ≤ cλ s µ(B(x, r)) for all x ∈ X, r > 0, and λ ≥ 1 (2) with c = D and s = log 2 D. A nondegenerate Borel measure µ on X satisfying (2) for some c ≥ 1 and s ≥ 0 is (c, s)-homogeneous, and it satisfies (1) with D = 2 s c. Coifman and Weiss [CW] observed that if there is a doubling measure on X with constant D, then the metric space X is doubling in the sense that there is a constant N ∈ N = {1, 2, . . . } depending only on D such that for each r > 0, each closed ball in X of radius 2r can be covered by a family of at most N closed balls of radius r. In this case there are constants C ≥ 1 and s ≥ 0 depending only on N such that if x ∈ X, r > 0, and λ ≥ 1, then the cardinality of every set in B(x, λr) whose points are at least r apart is at most Cλ s . A metric space X having this property for some C ≥ 1 and s ≥ 0 is (C, s)-homogeneous, and it is doubling with constant N = 2 s C . As easily shown by Vol berg and Konyagin [VK2] , a metric space carrying a (c, s)-homogeneous measure is (C, s)-homogeneous with C depending only on (c, s).
Two useful invariants of the metric space X emerge. The Assouad dimension dim A X ∈ [ 0, ∞ ] of X is the infimum of the numbers s for which X is (C, s)-homogeneous for some C. In particular, Euclidean n-space R n is (C n , n)-homogeneous for some C n and has Assouad dimension n. The Vol berg-Konyagin dimension dim VK X ∈ [ 0, ∞ ] of X is the infimum of the numbers s for which X carries a (c, s)-homogeneous measure for some c. Thus, dim A X < ∞ if and only if X is doubling, dim VK X < ∞ if and only if X carries a doubling measure, and always
In [A2] Assouad asked whether conversely every doubling metric space carries a doubling measure, but he observed that not always: As µ({x}) = 0 whenever µ is a doubling measure on X and x is a nonisolated point in X, there are no doubling measures on the set of rational numbers. He then conjectured that complete doubling metric spaces carry a doubling measure. Working slightly later than Assouad but being unaware of him, Dyn kin [D1] , [D2] constructed a doubling measure on every compact set X in R 1 satisfying a porosity condition equivalent by [Lu] to dim A X < 1 and formulated Assouad's conjecture for closed sets in R n . Vol berg and Konyagin [VK2] (results announced in [VK1] ), motivated by Dyn kin, established the conjecture for compact doubling metric spaces X, in the strong form that dim A X = dim VK X, and obtained for compact sets in R n a sharp uniform result. In this note we establish the conjecture for complete metric spaces in full, as an equality in (3), and also generalize the above-mentioned sharp uniform result for closed sets in R n . The argument is based on the compact case. Although it is simple, no proofs have appeared in literature as far as we know. Especially, in [VK1] the authors state their results for complete spaces and closed sets, but in [VK2] they prove only the compact case.
The invariant dim A X of X was introduced by Assouad [A1] , who called it the metric dimension Dim X of X, and by Vol berg and Konyagin [VK1] , who called it the uniform metric dimension α(X) of X. Since the term metric dimension has often been used also for certain other dimension concepts (the lower and upper Minkowski dimensions), we prefer to call the present dimension concept just by the term Assouad dimension, named so after the first author who introduced this concept. The number dim VK X was introduced in [VK1] as the invariant β(X).
Proofs of the elementary properties of Assouad dimension, more results about it, and a survey of the earlier ones can be found in [Lu] . Assouad dimension has proved in many ways to be a powerful invariant of metric spaces.
Results
Theorem 1. Let C ≥ 1, s ≥ 0, and t > s. Then there is c ≥ 1 such that every (C, s)-homogeneous complete metric space carries a (c, t)-homogeneous measure.
Corollary.
We have dim A X = dim VK X for every complete metric space X. Theorem 2. Let n ∈ N. Then there is c n ≥ 1 such that every closed subset of R n carries a (c n , n)-homogeneous measure.
In the compact case these results are due to Vol berg and Konyagin [VK2, Theorems 1 and 2]. For us it is crucial that a close examination of their proof yields the existence of the multiplicative constants c and c n , independent of the space. The same constants will persist in the general case. In [Lu, 6 .13] a proof is given for the compact case of Theorem 2 in order to correct a slight inaccuracy in [VK2] .
Proof of Theorem 1. Let c be the constant given by Theorem 1 in the compact case. Let X be a noncompact (C, s)-homogeneous complete metric space. We construct a (c, t)-homogeneous measure on X. Choose a point x 0 ∈ X. If k ∈ N, let X k = B(x 0 , k); then X k is (C, s)-homogeneous and bounded, thus totally bounded, and complete, hence compact. It follows that there is a (c, t)-homogeneous measure µ k on X k normalized so that µ k (X 1 ) = 1. Then µ k (X p ) ≤ cp t µ k (X 1 ) = cp t for all p ∈ N with p ≤ k.
Consider p ∈ N and a subsequence (µ j ) j∈N of the sequence (µ k ) k∈N . Let C(X p ) be the supremum-normed Banach space of all continuous functions f :
Since the closed unit ball of the conjugate space C(X p ) * of C(X p ) endowed with the weak- * topology is compact [HR, B.25 ] and, as C(X p ) is separable, metrizable, by considering the sequence (I j /cp t ) j≥p we obtain J p ∈ C(X p ) * and a subsequence (I ji ) i∈N of the sequence (I j ) j≥p such that
Thus, an induction on p and Cantor's diagonal process yield a subsequence
is a convergent sequence for all p ∈ N and f ∈ C(X p ). Let C 00 (X) be the linear space of all continuous functions f : X → R whose support sp f = cl { x ∈ X | f(x) = 0 } is compact. Now we can define a function I : C 00 (X) → R by setting
Then I is linear and nonnegative: I(f ) ≥ 0 if f ≥ 0. Hence, by F. Riesz's representation theorem [HR, 11.37] there is a Borel measure µ on X such that I(f ) = X f dµ for every f ∈ C 00 (X) and such that µ(F ) < ∞ if F ⊂ X is compact. We show that µ is the desired (c, t)-homogeneous measure. First, we have µ(X 1 ) < ∞.
To establish (2) with t replacing s, let x ∈ X, r > 0, and λ ≥ 1, and consider ε ∈ (0, 1). Choose f, g ∈ C 00 (X) such that 0 ≤ f ≤ 1, f |B(x, λr) = 1, sp f ⊂ B(x, (1 + ε)λr), 0 ≤ g ≤ 1, g|B(x, (1 − ε)r) = 1, and sp g ⊂ B(x, r).
Now letting ε → 0 this yields µ(B(x, λr)) ≤ cλ t µ(B(x, r)). Finally, to find a ball B with µ(B) > 0, choose f ∈ C 00 (X) such that 0 ≤ f ≤ 1, f |X 1 = 1, and sp f ⊂ X 2 . Then X2 f dµ * j ≥ µ * j (X 1 ) = 1 for every j ≥ 2. Hence,
Theorem 2 is proved in a similar manner.
Remarks. 1. We have dim A X = dim A X and dim VK X ≤ dim VK X easily and then dim A X = dim VK X by the corollary for a metric space X and its completion X.
2. Theorem 2 does not hold for open subsets of R n . In fact, let A ⊂ R n be a Cantor set of positive Lebesgue measure, and suppose that X = R n A carries a (c, n)-homogeneous measure µ for some c; then µ extends to a (c, n)-homogeneous measure µ on R n with µ(A) = 0, and thus the Lebesgue measure is not absolutely continuous with respect to µ, which is a contradiction by [J2, p. 2443] .
3. Let X be a noncomplete locally compact doubling metric space. We do not know whether X always carries a doubling measure. (Added in proof : Solved in the negative by the second author.) However, if X is (C, s)-homogeneous, so is X, and thus, if t > s, Theorem 1 provides a (c, t)-homogeneous measure µ on X. Now, as X is an open subspace of X, the restriction µ X of µ to X is a nondegenerate Borel measure on X, and for all x ∈ X and λ ≥ 1 it is easy to see that µ X (B(x, λr)) ≤ cλ t µ X (B(x, r)) if 0 < r ≤ dist(x, X X). 4. In [Lu, 6.18 ] the compact case of Theorem 1 is generalized to a strictly different direction, namely to an analogue of Theorem 1 where the limitation r ≤ 1 is imposed on the definitions of both the (C, s)-homogeneity of the space and the (c, t)-homogeneity of the measure; the measure can then be chosen to satisfy a uniform two-sided normalization condition for all balls of radius 1. A similar analogue of Theorem 2 is given in [J1] and [Lu, 6.19] .
